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Abstract

We report a self-consistent ab initio method to calculate quantum transport through a
molecule connected to gold electrodes under an applied current. This method is based on
the density-functional theory(DFT) with a current constrained term as an imaginary po-
tential in the Hamiltonian. Pseudopotentials are used to define atomic cores. The open
and nonequilibrium system is reduced to a closed system. We treat both the molecule and
the electrodes on the same footing as an extended molecule. Multigrid technique is used
to accelerate convergence in a local optimized-orbital basis. Landauer formula is used to
calculate the bias with transmission coefficient obtained from the Green’s function. The
current-voltage characteristics of a benzene-1,4-dithiolate(BDT) extended molecule is stud-
ied and our results are comparable to other theoretical calculations. This efficient method
provides another way to study the quantum transport of molecule electronic devices.

Introduction

As the miniaturization of conventional silicon-based microelectronic devices proceeds, the
molecule scale will be reached within a decade. Molecular electronics is a promising field be-
cause of their small size, light weight, low cost, synthetic adaptability and nontoxicity. There
are considerable achievements in the experiments. For example, the current-voltage(l — V)
characteristics of a benzene-1,4-dithiolate(BDT) molecule sandwiched between two gold(111)
electrodes has been measured [1], molecular diodes [2, 3|, switches [3] and memory ele-
ments [4] have been fabricated.

On the theoretical side, the effective-mass approximation which works for traditional
electron transport in the bulk semiconductor devices breaks down in the molecular level.
Quantum effects play a dominant role in the molecular electronic devices. Landauer-Biittiker
formalism [5, 6, 7] has been extensively used in quantum transport through molecular sys-
tems. The Landauer approach assumes the transport to be coherent, the scattering in the



molecule is elastic, there are no incoherent and inelastic processes.

Extensive effort [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] has been directed at understanding
the fundamental physics and chemistry of transport through molecules attached on either
side to a metal contact. These theoretical works have led to a great insight into the origins
of the transport in molecular devices. However, these studies involve approximations which
include the extended-Huckel-level of theory, cluster models, incomplete treatment of the
influence of the metal contacts, lack of accurate description of the electronic structure.

Recently, Lang and coworkers [19, 20, 21| have developed a method for self-consistent
determination of current-voltage characteristics of molecular wires using density functional
theory(DFT) [22] in plane-wave basis set. In this method, the electrodes are treated as
ideal metals where the electron states are populated up to the Fermi level. Incoming and
outgoing plane-wave states are included in addition to the molecular states. The Lippmann-
Schwinger equation is used to solve the wave functions self-consistently in the scattering
formalism under a given bias. The main advantages of this approach are as follows. 1) The
open system is handled by proper boundary conditions. 2) The influence of the applied bias
on the molecule levels is included. 3) The effective potential is obtained self-consistently.
The drawback is that the simple jellium model for electrodes neglects the surface effects such
as chemisorption and bonding with the contacts.

Another way to study the electron transport in molecular electronic devices is combining
the nonequilibrium Green function(NEGF) [23, 24, 25, 26, 27, 28, 29] with DFT. In this
method, open boundary conditions and the influence of the applied bias to drive the system
to nonequilibrium conditions can be treated rigorously. The nonequilibrium Green function
matrix naturally include both scattering states and bound states contribution to the charge
density. The jellium model is dropped. The metallic screening in the electrodes limits the
charge and potential induced by the adsorption of the molecule to extend over only a finite
region into the electrodes [25]. So the molecule and the electrodes in that finite region are
treated explicitly on the same footing as an extended molecule. Either 3 [24] or 6 [26] gold
atoms in each electrode are included as an extended molecule for electrode-BDT-electrode
system. Current-voltage curves are calculated for the electrode-BDT-electrode system fully
self-consistently [26, 29]. The nonequilibrium Green function matrix demands extensive com-
puter resources in a large bias even performing energy integration in the complex contour.
Therefore the numerical method for NEGF coupled to DFT implementation has to be cho-
sen carefully. The main difference in the previous implementations are the choice of basis
functions, such as atomic orbitals [23, 29] and Gaussian orbitals [24, 26, 27].

The fully self-consistent NEGF coupled to DFT is computationally expensive, some
groups have developed approximate methods [30, 31] to calculate the current-voltage curves
for the BDT extended molecule. Derosa and Seminario [30] have performed the quantum
DFT calculation under an external field by using commercial Gaussian-98 program [32]
where the charge effect from scattering states are neglected. Tomfohr and Sankey [31] have
performed the DF'T calculation at zero voltage, they do not include the charge effect from
scattering states and bias induced in the electronic structure. They make a voltage shift when
performing the current calculation. The above two calculations are fast but approximate, so



a high efficient and accurate method is highly desirable.

Conventional DFT can be applied to closed or periodic systems in quantum chemistry
and physics. It needs to be modified in order to apply to the electronic transport through an
open and nonequilibrium quantum system. Along this line, we modify our multigrid DFT
solver [33, 34] by adding a current constrained term [35, 36, 37] in Kohn-Sham Hamiltonian.

The discretization in DF'T for large-scale electronic structure calculations can be in atomic
basis [38, 39], plane-wave basis [40], and real-space [41]. Our multigrid DFT solver is in real
space finite difference representation. Due to the localized nature of the DF'T Hamiltonian
operator in real space, it has several advantages. First, the efficient multigrid technique can
be applied to accelerate convergence. Second, natural localization constraint on the orbital
can be imposed in searching linear scaling algorithms [42, 43]. Third, when it is running in
the parallel codes, a less traffic of data distributes among processors. Finally, local mesh
refinements can be incorporated efficiently [44, 45]. Many real space multigrid DFT solvers
have been developed [43, 44, 46, 47, 48, 49, 50, 51, 52].

The electronic transport calculations under the applied bias in open quantum system
can be conceptually circumvented by current given instead of the applied bias. The cur-
rent constrained term [35, 36, 37| is an imaginary anticommutator obtained from Lagrange
multiplier approach. This additional imaginary potential forces the wave functions com-
plex to insure the current constraint but still keeps the Hamiltonian Hermitian, thus real
eigenvalues in a closed system. The current is assumed to be a steady current through the
molecular electronic device in one direction, the region of the current is restricted by a step
function according to the molecular device boundaries. In this modified DF'T, the electronic
correlations are considered at the same level as they are in the conventional DFT [37]. By
using this modified DFT, the charge effect due to the scattering states and the applied bias
is properly handled in a closed system. The electronic potential profile and complex wave
functions can be obtained fully self-consistently. From Landauer formula, the potential bias
can be determined if the transmission coefficient is known.

There are several methods to calculate the transmission coefficient in quantum devices
such as the transfer matrix method[53, 54, 55, 56|, the quantum transmitting boundary
methods [57, 58], the contact block reduction method [59], the wave-function matching
method[60, 61, 62], and the Green’s function method|[23, 24, 25, 26, 27, 28, 29, 30, 31, 63, 64].

The transfer matrix method is unstable for a large system, numerical errors may blow up
exponentially in the matrix elements of the recursive multiplication transfer matrices. This
numerical instability is due to the exponentially growing and decaying evanescent waves[54,
55]. When the pseudopotential approach is used, the transfer matrix method is complicated
and computationally expensive to handle the nonlocal pseudopotential[55].

The quantum transmitting boundary method developed by Frensley[57] and Lent et al.
[58] is to solve linear equations self-consistently that match the open boundary conditions
which can not determined until the full solution is found. It is computationally expensive.
It has not been applied to three-dimensional calculation yet.

The contact block reduction method developed by Mamaluy et al.[59] is to express the
transmission function in terms of a small submatrix of the retarded Green’s function of the



open device. The transmission function can be approximately calculated with an incomplete
set of eigenstates of the closed system. The relation between accuracy and the number of
eigenvalues depends on the structure.

The wave-function matching method is as follows. The whole system is divided by three
parts, left and right semi-infinite bulk leads and a scattering region. All propagating and
evanescent Bloch wave functions in the leads are calculated first, then the scattering wave
functions match the Bloch wave-function of the leads near boundary values. This process
leads to the Green’s function matrix which contains the transmission coefficient. This method
is limited to the local pseudopotential only [60, 61], the inclusion of the nonlocal part of the
pseudopotential will need further work.

The transmission coefficient can be calculated by the Green’s function method. For
the molecule sandwiched between two semi-infinite metallic electrodes, the Green’s function
describes the dynamics of the electrons inside the molecule, taking the effect of the electrodes
into account through the coupling of the molecule to the electrodes [63]. Although the
Green’s function for the whole system has infinite dimensions in matrix form, it can be
expressed in a finite matrix under localized basis [23, 24, 25, 26, 27, 28, 29, 30, 31, 63, 64]. We
will use the Green’s function in local optimized-orbital basis [43, 64] to get the transmission
coefficient.

The remainder of this paper is organized as follows. A detailed description of the theo-
retical formalism is given in section II. DF'T with current constrained term is described first,
how we implement the multigrid DFT in the optimized-orbital is discussed next, finally,
the Green’s function in the optimized-orbital basis is given. Section III presents numerical
results for the BDT extended molecule and Section IV summarizes the paper.

Theoretical Formalism

DFEFT with a current constrained term

The Kohn-Sham equations with a current constrained term is given as follows [37]:

() = X)), (1)

Veff = VH + Vze + Viocal - (2)
The Hartree potential vy satisfies the Poission equation,

Vv = —4np(z,y, 2) . (3)



The exchange-correlation potential v,. is in local density approximation(LDA) VWN
form [65]. vjoear and vy, are the local and nonlocal pseudopotential developed by Goedecker
et al. [66, 67|, respectively. They have analytic forms in the separable dual-space. We use
the real-space relativistic version of these pseudopotentials for our calculations.

I(z) and py,(z) in Eq.(1) are given as follows:

I(z)=160(x—L,R—x), (4)

poe) = [ dydzp(a,y.2) (5)

I is the steady current through the system in yz plane, L and R are the left and right
boundaries of the system in x direction, respectively. # is the step function.

Eq.(1) is Hermitian [37], eigenvalue A is real but wavefunction ¢ is complex. The anti-
commutator term in Eq.(1) is the additional imaginary potential arising from the constraint
current. With introduction of this term, the scattering states of an open quantum system
can be described in terms of wave functions of an effectively closed system. We will solve
Kohn-Sham equations by the multigrid method in local optimized-orbital basis.

Optimized-orbital basis

The Kohn-Sham equations can be solved in real space by traditional Ritz procedure [33],
where the Gram-Schmidt orthogonalization scales as O(N?3), where N is the number of wave
functions. It can be improved by employing the optimized nonorthogonal orbitals developed
by Fattebert et al. [43]. Their ideas are as follows. The wave functions are described in
the basis of eigenfunctions with a localization constraint. The constraint requires that a
wave function is set zero outside a prescribed spherical region. The local optimized-orbital
basis is nonorthogonal in general. The radius of the sphere is chosen by numerical tests,
and the center of the sphere is atom-centered. In their implementation, they use a multigrid
preconditioner to improve the steepest descent directions in the relaxation. They also impose
orthogonal condition for the wave functions localized on the same atom. We follow their ideas
but implement differently. Our implementation is more efficient as follows. We solve the
Kohn-Sham equations in the optimized-orbital basis by the multigrid method, and we do
not impose the orthogonal condition for the wave functions localized on the same atom.

Let N denote the number of wave functions and M the number of grid points discretized
for the Kohn-Sham equations. An orthogonal basis of wave functions in Ritz procedure
can be written in a column matrix ¥ = (¢1, ..., ¥y). We want to solve ¥ in a normalized
nonorthogonal basis ® = (¢1, ..., ¢n). We use a N x N matrix C' to transform & into U,

U=3C. (6)
C is a solution of the generalized complex eigenvalue problem

H®C=SCA, (7)



where H® = &' H ® is the Hamiltonian integration in the ® basis, S = ®' ® is the overlap
matrix, and A is the diagonal eigenvalue.
The electronic density p(r) is given by

(8)

N
— 2
o) =2 5 /|95 6,0 6u(r)]
jik=1
The nonorthogonal orbital ® converges along the steepest descent direction as follows:
DP =00 -H®, (9)

where © = S~ H(®),
In a multigrid & level, Eq.(9) has the following form,

HY oF = ok @F 4 7~ (10)
where 7% is the defect correction in k level defined as
ok ]Lfﬂ Ry S L (Ill:—i-l (I)k—i-l) _ (]Iin (I)k—i-l) oF (Ill:—i-l (I)k—i-l)
_Illzﬂ {Hk—i-l Hrtl _ ki @k-i-l(q)k—i-l)} ‘ (11)

The operator If,, is the restriction operator from k+1 level to k level. The defect correction
is zero in the fine grid level. If the exact solution from the fine grid level is inserted into the
coarse grid 7F equation, it is easy to see that an identity is obtained. This formulation thus
satisfies the important condition of zero correction at convergence.

® in k + 1 level is corrected from k level by the following equation:

PFHL — prH1 4 I}I;—i—l ((I)k _ III:-H q)k+1) , (12)

where [ ,f“ is the interpolation operator from & level to k + 1 level. A linear interpolation is
used in our work.
We modify Eq. (9) in an overrelaxation form with a shift parameter p [34] as follows:

Pprew — (I)old +w (7_ + (I)old @old . H(I)Old) / (D _ H) , (13)

where D is the diagonal term in the discretized Hamiltonian, w is the overrelaxation para-
meter, it satisfies 0 < w < 2. In our calculations, we use ¢ = 0 and w = 1.7 in the fine grid
level, © = —20 and w = 1.0 in the coarse grid level.

In this local optimized-orbital basis, the orthogonalization step is removed, but the relax-
ation step in Eq. (13) is more complicated and expensive. This relaxation scales as N(R/h)3,
where R is the localization radius and A the grid spacing. The computational time is reduced
as R decreases. But this speedup is at the cost of accuracy, The convergence rate is stalled
when small R is used [43].

Green’s function



Let us consider our extended molecule composed of a molecule M connected to two semi-
infinite gold leads, left L and right R, respectively. The transmission function is given as
25, 63, 64]

T(E)=Tr(T, Gy TrGY,)), (14)

where Gy is Green’s function of the molecule, I'y r are coupling functions between the
molecule and the left(L) and (R) leads. Gj; can be expressed as

Gu=[ESy—Hy—%, -3, (15)

where F is the electron energy, Hy, and Sy, are the Hamiltonian and overlap matrices
for the local optimized-orbitals in the molecule, respectively. ¥ r are the self-energy terms
which are the interactions between the extended molecule and the semi-infinite leads. The
self energies are

Sr = (ESpy — Hoa) g0 (E Spar — Hwg) (16)
Yr= (E Srv — HRM)TQR (E Sem — HRM) ) (17)

where Hpp(Hgy) and Spa(Sga) are the Hamiltonian and overlap matrices between the
molecule and the left(right) leads for the local optimized-orbitals in the extended molecule,
respectively. gr.(gr) is the surface Green’s function for the left(right) semi-infinite lead. The
coupling functions are given as

Trr=iS0r— ) gl (18)

The surface Green function can be expressed in terms of principal layers with nearest-
neighbor interactions [68, 69]. For a gold lead, it is known that the local density of states
is s-band dominated and almost constant near the Fermi level [11, 68]. So ¢.(gr) can be
approximately written as a diagonal matrix with each element proportional to the local
density of states [11, 30]. Our calculation is based on the local density states as a function
of energy from the reference [68].

Numerical Results

We use the Landauer formula to calculate the applied bias once the transmission coeffi-
cients are known for a range of energies,

o 1 1
[v) =2 /—oo AET(E, 1) <exp (B = pr)/KT] + 1 eap (B = pr) /KT + 1> 7 e
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where puy; and pgr are the chemical potentials in the left and right lead, respectively.
They are defined to be, pur = ep + V/2 and pr = e — V/2, where ez = —5.31 €V is the
Fermi energy of the gold metal(negative of the bulk gold work function). The applied bias
is satisfied by pup —pur =V.

The geometry optimization of the benzene-1,4-dithiolate molecule(HS-CgH,-SH)(BDT)
is implemented by Gaussian 98 program at SVWN/6-31g(d) level [32]. It is assumed that a
dithiol molecule, such as BDT, sandwiched between two Au(111) surfaces loses the hydrogens
at both thiol terminations and the sulfur atom of the resulting radical binds strongly to the
gold surface [26]. The sulfur atom sits in the center of the triangular pad of the three gold
atoms, the distance between sulfur and gold surface is 1.9 A. The extended BDT molecule
is AU3—S-CGH4—S-AU.3.

Our calculations have been carried out using the real space pseudopotential [66, 67].
Pseudopotentials are used for Au, S, C, and H atoms. Valence states include 6 s for Au, 2s
and 2p for C, 3s and 3p for S. There are 28 local optimized-orbitals in our calculations.
The matrix sizes of Gy and gy are 22 and 3, respectively.

To evaluate the accuracy of the localization approximation, we first tested our solver with
and without localization constraints for the Au-BDT-Au molecule. 12th order finite differ-
ence representation was used and three grid levels were utilized comprising 29 x 152, 57 x 292
and 113 x 572 total points. Figure 1 shows the convergence rates for different methods in the
Au-BDT-Au molecule. The fastest convergence is the Ritz method with orthogonalization,
which has no localization constraint. The convergence rates from localization constraints
depend on the localization radii R. The larger R, the faster the convergence rate is. The
localization constraints confine the orbitals in their localized regions, so the computed cor-
rections have to be truncated in the iteration process. The more truncated part, the more
iterations need to reach a given precision. 40 iterations are needed to reach a precision of
3 x 1073 for R = 11. A precision of 3 x 1072 is sufficient for the quantum transport calcu-
lations [43]. R = 11 also makes no overlap between the left Au electrode and the right Au
electrode. So we will use R = 11 for our transport calculations.

The calculation process is as follows: For a given current, solve Kohn-Sham equations
with a current constraint under the optimized-orbital basis with R = 11. When they con-
verge, T'(E, I) is constructed from Eq. (14). Then the corresponding bias is calculated from
Eq. (19). Repeat the above process for next current point.

Figure 2 shows transmission coefficients at currents of 0.0, 13.2, 53.0, and 79.5 pA, which
correspond to the voltages of 0.0, 1.1, 2.5, 3.8 V, respectively. The main features of the
transmission coefficient are 4 discrete sharp peaks close to the Fermi level within +2 eV
energy range. 3 peaks are due to the occupied molecular levels, one peak is due to the
unoccupied one. As bias increases, the peak positions shift closer to the Fermi level and
the peak magnitude change also. When current changes, it causes the charges redistribute,
thus modify the potential and the energy levels. The energies of LUMO, HOMO, HOMO-
1, HOMO-2 are well separated and slightly shifted in energy by interacting with the gold
surface. They match the positions of the peaks in figure 2.

Figures 4 and 5 show the current-voltage characteristics and corresponding differential



conductance in the bias range from -4.3 to 4.3 V. Because the device structure is symmetric,
the current-voltage and the differential conductance-voltage are also symmetric. In the small
bias range, the current-voltage curve is close to linear. As bias increases, the conductance
increases as the HOMO related transmission peak gradually falls into the bias window. This
leads to the first conductance peak at V' = 1.2 V. As the bias increases further, the HOMO
related transmission decreases, so does the conductance. At higher bias, the LUMO and
HOMO-1 related transmission peaks fall into the bias window almost at the same time to
lead to the second conductance peak at V' = 2.4 V. The second conductance peak is stronger
than the first one, because they are contributed by two sharper transmission peaks.

It is reasonable to compare our results with other first principles calculating results |20,
26, 29]. The main difference is that different approximations for the Au electrodes. Di Ventra
et al [20] applied the jellium model for the Au electrodes. Xue et al [26] used 6 Au atoms
as an electrode, Stokbro et al [29] used a self-assembled monolayers with (3 x 3) periodicity
as an electrode. In the latter two cases the BDT molecule was absorbed in a 3-fold hollow
site. Our structure is similar to Xue’s structure except 3 Au atoms as an electrode. Our
current-voltage curve and conductance-voltage curve are in the same magnitudes as these 3
approaches, the main features are similar, but the qualitative details are different. Our zero
bias transmission coefficient is in rough agreement with that of Xue et al, most of our peaks
are narrower and positions are slightly shifted. The difference may be due to the following
reasons. Xue et al used DFT-SLDA within the generalized-gradient approximation, while we
use DFT-LDA. We also use different pseudopotential for Au atom. These differences can shift
molecular energy levels. They used the surface Green function in terms of principal layers
with nearest-neighbor interactions, while we neglect its off-diagonal term contribution. We
may underestimate the coupling interaction with the gold surface, this can result in narrower
peaks in the transmission coefficient.

There is a big discrepancy between our calculation and experiment. Our calculation
produces two orders of magnitude larger than experiment [1] in current and conductance.
Other theoretical calculations showed similar results [20, 26, 29]. The possible reasons to
cause the discrepancy between theory and experiment were discussed by those authors [20,
26, 29]. One reason is that a different contact geometry in the experiment than the hollow
site used in our calculation. Another reason is the questionable application of DFT-LDA in
the electron transport. Solomon et al [70] showed that current and conductance would be in
the same magnitudes of the experiment if the spin-restricted open-shell DF'T formalism was
used instead of the close-shell counterpart. There are additional effects in the experiment
such as temperature effect, disorder effect in the Au electrodes near the contacts, which have
not been considered in our calculation.

Summary

In this paper we have described a method to calculate the current-voltage characteristics
of a molecule electronic device. A current constrained term is introduced as an imaginary



potential in the conventional DFT. This allows us to handle the open system in nonequilib-
rium steady state as a closed system. Multigrid technique is used to accelerate convergence
in a local optimized-orbital basis. Transmission coefficients are obtained from the Green’s
function method. Landauer formula is used to calculate the potential bias. The current-
voltage characteristics of a BDT extended molecule is studied and our results are comparable
to other theoretical calculations. This efficient method provides another way to study the
quantum transport of molecule electronic devices.
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Figure 1: Convergence rates for different methods in the Au-BDT-Au device. The logarithm
(base 10) of the difference between the current and fully converged total energies is plotted
against the number of V-cycles(self-consistency iterations). The solid line is the result of the
Ritz method with orthogonalization, others are the results from nonorthogonal optimized-
orbital multigrid method with different localization radii in atomic unit. The fine grid spacing
is h = 0.25.
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Figure 2: Current-induced variation of transmission coefficient for the Au-BDT-Au device
at currents of 0.0, 13.2, 53.0, and 79.5 uA, which correspond to the voltages of 0.0, 1.1, 2.5,
and 3.8 V, respectively. Each upper curve is shifted by 1 from the bottom one.
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Figure 3: I-V characteristics of the Au-BDT-Au device
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Figure 4: Differential conductance characteristics of the Au-BDT-Au device
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