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Outline:

«Electronic structure methods

Real-space methods

Equations: Poisson, elgenvalue, Poisson-Boltzmann

High-order finite differences, relation to finite elements

Multiscale (multigrid) methods to accel erate convergence

‘Numerical results for fixed potential and self-consistent eigenvalue
problems

-Scaling of the algorithm

*Mesh refinements

‘Novel eigenvalue algorithms remove orthogonalization to coarse
levels



Molecular Electronics: Diodes, Wires, Transstors?
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Transport through membrane channels:




Electronic Structure M ethods:

Basis-set M ethods:

1. Methods
1.  Localized basis functions. Gaussian or Slater functions
Advantages
Analytical formsfor Coulomb integrals (Gaussians)
Input of atomic information to construct bases
Variational theorem
Production codes
Linear scaling
3. Disadvantages
L ess-structured Hamiltonian matrices
Superposition errors and linear dependences of bases



1.  Methods
Expand eigenfunctions in plane-wave basis
FFTsfor electrostatics and updating the orbitals
2. Advantages
1.  Efficiency of FFTs
2. Lack of dependence of basis on atomic positions
3.  Control of convergence with cutoff energy
4. Production codes

2. Disadvantages
1.  Difficulty if widely varying length scales
2. Charged systems
3.  Nonlocal basis
4. Implicitly periodic system (supercells)



Methods
Finite differences
Finite elements
Wavelets

Advantages

1.  Convergence controlled by grid resolution and order of
approximation

2. Multiple length scal es through adaptive refinements

3.  Finite or periodic systems

4.  Locality of each function update and linear scaling/parallel
algorithms

5. Multigrid algorithms and efficiency

Disadvantages

1. Number of grid points required (comparable to real-space grid in
plane-wave code)

2. Production codes under devel opment



Development of real-space methods:

1. P0| sson problems and biophysical electrostatics
Finite differences and finite elements
Mainly single-level solvers (Honig, McCammon, Sharp,
Nichols)
More recently application of MG techniques. Holst, Coalson,
Beck, Tomac, Graslund)
- Meshrefinements: Bal and Brandt, Beck, Goedecker
2. Electronic structure reviews
1.  Goedecker (linear scaling): Rev. Mod. Phys. 71, 1085 (1999).
2. Arias(wavelets): Rev. Mod. Phys. 71, 267 (1999).
3. Beck (finite differences, finite elements, and multiscale: Rev.
Mod. Phys. 72, 1041 (2000).
3.  Eigenvalue problems, fixed potential: Rabitz, Seitsonen, Kolb,
Ackerman, Ferrarri, Pask.
4.  Self-consistent problems: Chelikowsky(FD), Hoshi and
Fujiwara(FD).
5. Multigrid: White, Wilkins, and Teter; Bernholc; Ancilotto; Davstad;
Beck; Martin; Thijssen, Chang, Heiskanen.



6. Mesh refinement: Gygi and Galli; Kaxiras, Fattebert; Ono and Hirose,
Beck.

2. Finite elements. Heinemann, Kopylow, White, Wilkins, Teter, Gillan,
Batcho, Tsuchida, Tsukada

3.  Time-dependent DFT for excitations. Y abana, Bertsch, Chelikowsky

Typical of real-space solvers without MG acceleration (or linearized
MG) isrequirement of 20-50 or more self-consistency iterations to
reach the ground state. Optimal plane-wave solversrequire 5-10
Iterations (Kresse and Furthmuller).



Equations to Solve

Vig(r)="? ; real-space Laplacian,
V2(r)=f(r) . Poisson,
Vip(r)=f(r.¢) ;. Poisson-Boltzmann,

Ved(r)+uv(r.d)d(r)=Aéd(r) ; eigenvalue.



Kohn-Sham Equations:
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Finite-difference representation (Poisson):

(Results from Taylor series expansion of the function)
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High-order Laplacian coefficients:

TABLE Il. Coefficients for the Laplacian. One side plus the central point are shown. Each coefli-
cient term should be divided by the prefactor. The Laplacian is symmetric about the central point.

Points  Order Prefactor Coefficients
N=3  2nd 1 1 .
N=5 4th 12 -1 16 -30
N=T7 6th [ 80 2 -27 270 - 490
N=9 8th 5040 -9 |28 - 1008 8064 — 14350
N=11 10th 25200 8 —-125 [ 000 — 6000 42000 — 73766

N=13 12th 831600 =50 864 —7425 44000 —222750 1425600 — 2480478




2-d 4" order Laplacian




Energy(au)
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Finite element discretization:

L ocalized polynomial basis set

‘Variational theorem obeyed

For example, if piecewise linear functions used as basis,
problem looks very much like (2 order) FD discretization
*More adaptable

«Number of terms along row of matrix proportional to 3, vs.
3p+1 for FD (p isthe order)






Iterative relaxation efficiency:
Eigenvalues of update matrix (weighted Jacobi):

Longest wavelength modes:

Critical slowing down

MG

Y



Multigrid V-cycle

MG accelerates convergence by decimating error components with all wavelengths!

2 relaxations per level

Correct, relax

N /
Restrict, relax



Alternative cycles:

V-cycle: Fine grid

Coarse grid

Full multigrid (FMG) — good preconditioning



Full Approximation Scheme (FAS)

(For nonlinear problems)
Coarse-grid equation:

Restriction:

Defect correction:

Correction step:

Gauss-Seidel (or Kaczmarz) Relax (2 steps)



Eigenvalue modifications:
Brandt, McCormick, and Ruge (1983)

Coarse-grid orthonormality constraint:

Coarse-grid eigenvalues (same as fine grid):

Fine-grid Ritz projection preceded by Gram-
Schmidt orthogonalization — thisis costly g°N,
step (see below for algorithmic improvements)



Finite-difference representation (eigenvalue):



Self consistency:

(@ C——) Ritzand update of V4
C C—> Constraints

<







Efficiency:

CP(C)

Lin. MG (C)

FAS-MG (CO)

Be



Numerical Results: lonization potentials and
CO elgenvalues (all electron)



Real-space vs. plane-wave accuracy (O,):



Algorithm scaling:

- g orbitals and N, fine grid-points (N coarse-grid points)
-Relaxation of orbitals: gN,

-Relaxation of potential: N,

-Gram-Schmidt on fine grid: g°N,

-Ritz projection on fine grid: ¢?N, to construct matrix and ¢ to

solve
-Computation of eigenvalues on coarse grid: gN "

-Solution of constraint equations on coarse grid: ofN," to

construct matrix and g to solve

Costiner and Ta asan (1995) have developed an algorithm which
moves the Ritz projection to coarse levels. Effective scaling
reduced to gN, which isfor relaxation on fine grid for orbitals

which span the whole domain. Linear scaling if localized
orbitals.
-Pseudopotential application: gN

nucNg,Ioc



High-order mesnh refinements (Beck, 1999).

Flux conservation at patch boundaries (on coarse grids)?
Lack of conservation due to defect correction t*.
Both Poisson and eigenval ue solvers devel oped.



Composite mesh Poisson problem: singular source at origin

r
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Generalized Ritz/backrotation (Costiner and Ta asan):
Goal isto move g°N Ritz operation to coarse levels using FAS strategy

« Generalized Ritz (on coarse grid):
generalized eigenvalue problem

« Backrotation: prevent rotations in degenerate
subspaces, prevent permutations, rescalings, and
sign changes of solutions during MG corrections

Correction:

No orthogonalization required on fine grid;
only relaxation



Test calculations with GRR-BR:

Brandt, McCormick, and Ruge algorithm:



Generalized Ritz — Backrotation
(no orthogonalization on fine grid):



Pseudopotentials (Goedecker):

Local Part:

Nonlocal Part:

Projectors.



Total pseudopotential:

Application of pseudopotential:



Real -space pseudopotential calculations,

*He atom (local PP): 1s (-0.567 au)
*He exact: 1s(-0.567 au)

*Ne atom (nl PP): 2s(-1.325 au), 2p (-0.500 au)
*Ne atom: 2s (-1.323 au), 2p (-0.498 au)
*Ne: same results with old algorithm and GRR-BR

*Molecular calculations underway: CO, glycine,
benzene dithiol



Glycine (15 states): Benzene dithiol (21 states):




Electron density



Convergence: glycine, 15 states



Polyelectrolyte ssmulation: configuration bias MC with
multigrid Poisson-Boltzmann solution for each configuration



End-end distance of polyelectrolyte chain with charge density
above Manning limit (counterion condensation)
Charge renormalization?



Conclusions:

Discretization scheme issimple

Rapid convergence of solvers: efficient algorithm requires at
most afew self-consistency cyclesin electronic structure
calculations

*Time per self-consistency step comparable to (or dightly less)
than plane-wave codes on uniform grids

Optimal algorithmic scaling

*With high-order methods, accuracies comparable to or better
than plane-wave methods without complications of supercells
-Adaptive discretization possible

Locality of updates and parallel algorithms

-Convergence to exact result controlled only by order of
representation and grid spacing

‘New eigenvalue algorithms reduce overhead of wavefunction
orthogonalization and subspace diagonalization



Future work:

Large systems. GRR-BR with pseudopotentials, efficiency
-Updates of the effective potential on coarse levels during
self-consistency iterations — can the ground state be obtained
In one self-consistency cycle?

Forces and Fourier filtering of pseudopotentials

‘Mesh refinements for Poisson and eigenvalue problems
*Transport algorithm (steady-state): Lent and Kirkner
(1990), method for handling real-space boundary conditions
linking incoming/outgoing plane waves to computational
domain. Applicationsin molecular electronics.

*Biological channel ion transport: Poisson-Nernst-Planck
theory requires solution of coupled Poisson and
drift/diffusion equations (L aplace equation with variable
dielectric)



